Cyclic codes are an important subclass of linear codes and have wide applications in data storage systems, communication systems and consumer electronics. In this paper, two families of optimal ternary cyclic codes are presented. The first family of cyclic codes has parameters [3 m − 1, 3 m − 1 − 2m, 4] and contains a class of conjectured cyclic codes and several new classes of optimal cyclic codes. The second family of cyclic codes has parameters [3 m − 1, 3 m − 2 − 2m, 5] and contains a number of classes of cyclic codes that are obtained from perfect nonlinear functions over F 3 m , where m > 1 and is a positive integer.
Cyclic codes are an important subclass of linear codes and have been extensively studied (see for example [1] , [6] , [7] , [9] , [10] , [12] , [14] , [16] and [17] for some recent developments). Let α be a generator of F * 3 m = F 3 m \{0} and let m α i (x) denote the minimal polynomial of α i over F 3 . A class of cyclic codes C (1,e) over F 3 with generator polynomial m α (x)m α e (x), where 1 ≤ e ≤ 3 m − 1 and e is not in the 3-cyclotomic coset modulo 3 m − 1 containing 1, was investigated in [2] and [5] . Carlet, Ding and Yuan proved that the code C (1,e) has parameters [3 m − 1, 3 m − 1 − 2m, 4] when x e are certain perfect nonlinear (PN) monomials [2] . Employing some monomials x e over F 3 m , including almost perfect nonlinear (APN) monomials, Ding and Helleseth [5] obtained several classes of ternary cyclic codes with parameters [3 m − 1, 3 m − 1 − 2m, 4] which are optimal according to the Sphere Packing bound. In addition, nine open problems about this kind of optimal ternary cyclic codes were proposed in [5] . Notably, as a class of subcodes of C (1,e) , the cyclic codes with generator polynomial (x − 1)m α (x)m α e (x), which are denoted by C (0,1,e) , were investigated in [2] and [15] , and it was proven in [2] that C (0,1,e) has parameters In this paper, we will present a number of classes of new optimal ternary cyclic codes with parameters [3 m −1, 3 m −1−2m, 4] and [3 m −1, 3 m −2−2m, 5]. We will first settle an open problem proposed in [5] and then construct several classes of new optimal ternary cyclic codes with parameters [3 m − 1, 3 m − 1 − 2m, 4] using some monomials over F 3 m . We then derive a number of classes of optimal ternary cyclic codes with parameters [3 m − 1, 3 m − 2 − 2m, 5] by considering the subcodes of C (1,e) with generator polynomial (x + 1)m α (x)m α e (x) over F 3 . Following the notations in [5] , we denote by C (1,e,s) the cyclic code with generator polynomial (x + 1)m α (x)m α e (x), where s = 3 m −1 2 . It will be shown in this paper that the ternary cyclic code C (1,e,s) has parameters [3 m − 1, 3 m − 2m − 2, 5] and is optimal for several classes of properly chosen integers e. The optimality of C (1,e,s) is established by virtue of properties of PN functions over 
In this paper we will need the notions of PN and APN functions [11] , [18] .
For a prime p, the p-cyclotomic coset modulo p m − 1 containing j is defined as
The following lemma will be frequently used in the sequel. We shall need the following lemma in the sequel, in addition to Theorem 1. Lemma 2: ([13, Thm. 2.14]) Let q be a prime power and let f (x) be an irreducible polynomial over F q of degree n. Then f (x) = 0 has a root x in F q n . Furthermore, all the roots of f (x) = 0 are simple and are given by the n distinct elements x, x q , x q 2 , · · · ,
as an example to show how Lemma 2 works. Note that f (0) = f (1) = 2 = 0 and f (2) = f (−1) = 1 = 0. This means that f (x) = x 3 + x 2 + x − 1 is a cubic irreducible polynomial over F 3 [x] . Then by Lemma 2, f (x) = 0 has no solutions in F 3 m if and only if m ≡ 0 (mod 3). This idea will be frequently employed in the sequel to prove some of the main results of this paper.
For any given f (x) ∈ F 3 [x], if one factorizes f (x) over F 3 , then the number of solutions of f (x) = 0 in F 3 m can be determined with Lemma 2. However, the factorization of a polynomial is normally a hard problem. In this paper, we mainly consider the cyclic code C (1,e) for special values of e, where only low-degree polynomials over F 3 [x] should be factorized. In fact, to apply Lemma 2, sometimes one only needs to know the degrees of the irreducible factors of f (x).
The following lemmas are basic results about polynomials over finite fields and will be employed in the sequel.
Lemma 3: ( [13] ) Let q be a prime power and g(x) be a polynomial in
Lemma 4: ( [13, Thm. 3 .20]) For every finite field F q and every positive integer n, where q is a prime power, the product of all monic irreducible polynomials over F q [x] whose degrees divide n is equal to
For a given f (x) ∈ F q [x] with low degree, Lemmas 3 and 4 can be used to determine the degrees of irreducible factors of f (x). For example, let f (x) = x 8 +x 7 −x 6 +x 4 −x 3 +x 2 −1 ∈ F 3 [x] . Applying Lemma 3, one gets that gcd( f (x), x 3 3 − x) = 1 and gcd( f (x), x 3 4 − x) = x 2 + x − 1. It then follows from Lemma 4 that f (x) has the irreducible factor x 2 + x − 1 but no irreducible factor with degree equals to 1, 3 and 4. This implies that f (x) has an irreducible factor with degree 6.
III. SOLVING AN OPEN PROBLEM ABOUT THE TERNARY CYCLIC CODES C (1,e) With the preparations in Section II, in this section we settle the following open problem proposed in [5] : 
Denote
, and gcd( f (x), x 3 3 −x) = x 7 −x 6 −x 5 +x 2 +x−1. It then follows from Lemma 4 and deg( f (x)) = 8 that f (x) has the two cubic irreducible factors x 3 + x 2 + x + 2 and x 3 + 2x 2 + 2x + 2 over 
Therefore Condition C3 is equivalent to showing that (2) has no solutions in
It then follows from Lemma 4 that g(x) has the irreducible factor x 2 + 1 and the two cubic irreducible factors x 3 + 2x + 2 and x 3 + x 2 + 2. Then the desired conclusion follows from Lemma 2. This completes the proof. The answer to Open Problem 1 is given in the following theorem. Multiplying with x r (x + 1) r both sides of this equation yields that
Then C2 is satisfied if and only if (3) has the only solution x = 1 with η(x(x + 1)) = 0 since neither x = 0 nor x = −1 are the solutions of (x + 1) e + x e + 1 = 0. Similarly, one can conclude that C3 is satisfied if and only if
The following theorem then follows from Theorem 1 and the foregoing discussions. (4) has no nonzero solution x in F 3 m with η(x(x + 1)) = 0 . As in Lemmas 6 and 7, the solutions of (3) and (4) can be similarly discussed for a given r. Corollary 1: Let m ≡ 2 (mod 4) and e = 3 m −1 2 − 2. Then the ternary cyclic code C (1,e) has parameters
as m is even. It then follows that e ≡ 2 (mod 4) and gcd(e, 3 m − 1) = gcd(e, 4) = 2. By Lemma 1 we have |C e | = m. On the other hand, e ∈ C 1 since e is even. For r = 2, we will discuss (3) by distinguishing among the following cases:
, it has the only solution x = 1 since η(1) = 1 and η(1
no irreducible factors of degrees 1 and 2 by Lemma 4. Therefore
Similar as in Case 2), in this case (3) is reduced to x 4 −x 3 +x 2 +x−1 = 0, which is irreducible over F 3 . 4) (η(x), η(x+1)) = (−1, −1): In this case one can similarly prove that x 4 −x 3 −x 2 +x−1 is irreducible over F 3 . Therefore, by Lemma 2, (3) has the only solution x = 1 if m ≡ 2 (mod 4). It can be similarly proved that (4) has no solution x in F 3 m with η(x(x + 1)) = 0. Then the desired conclusions follow from Theorem 3. This completes the proof.
Example 2: Let m = 6 and let α be the generator of F * 3 m with α 6 + 2α 4 + α 2 + 2α + 2. Then the code C (1,e) of Corollary 1 has parameters [728, 716, 4] and generator polynomial x 12 + 2x 10 + x 9 + x 8 + 2x 5 +
Notice that e = 3 m −1
and e =
e., the two cases that r = 1 and r = 3 are covered by Theorem 6.1 in [5] 
is an almost perfect nonlinear function in F 3 m if m ≥ 5 and m is odd [11] . In the following, we consider the case that r = 5.
Corollary 2: Let m be odd and e = Since e is even, e ∈ C 1 . For r = 5, we below discuss only the solution x of (3) with η(x(x + 1)) = 0 since that of (4) can be dealt with in the same manner.
It then follows from Lemma 4 that f (x) has the factor (x − 1) 4 and three quadratic irreducible factors (they are x 2 + 1, x 2 + x + 2 and
In this case one can similarly prove that . This is a special case of Open Problem 7.10 in [5] .
B. The second class of optimal ternary cyclic codes with parameters
The ternary cyclic code C (1,e) for e = 
has the only solution x = 1 in F 3 m and
has no nonzero solution in F 3 m .
Using Theorem 4, one can verify that C (1,e) with e = 3 m −1 2 + r for r ∈ {1, 2, · · · , 6} either is not optimal or has been treated in [5] . Thus we start with r = 7 below.
Corollary 3: Let m be odd and e = Proof: Since m is odd, e is even. Thus e ∈ C 1 . It is easily verified that e ≡ 2 (mod 3) and gcd(
2 , 7) = 1. Hence gcd(e, 3 m − 1) = gcd(e, 14) = 2. It then follows from Lemma 1 that |C e | = m. In what follows, we prove that (5) has the only solution x = 1 in F 3 m for r = 7. This is done by distinguishing among the following cases:
It is easily checked that gcd( f (x), x 3 2 − x) = (x + 1)(x 2 + 1). By Lemma 4, f (x) has the factor (x + 1)(x 2 + 1) and an irreducible factor of degree 4 (i.e., x 4 + x 3 + x 2 + x + 1). Note that x = −1 is not a solution of (5). 2) (η(x), η(x + 1)) = (1, −1): In this case (5) is simplified to f (x) = 2x 6 + x 4 + x 3 + 2x = 0. It is easily verified that f (x) = x(x + 1)(x − 1) 4 . Note that x = 1 is indeed a solution of (5) 
In this case, (5) is reduced to f (x) = x 6 + 2x 4 + 2x 3 + x + 2 = 0. Similar as in Case 1), one can prove that f (x) has the irreducible factor x 2 + x + 2 and the irreducible factor
In this case one can also similarly prove that x 7 + 2x 6 + x 4 + x 3 + 2x =
x(x 2 + 2x + 2)(x 4 + x 2 + 2x + 1) which is the canonical factorization of x 7 + 2x 6 + x 4 + x 3 + 2x over 1) (η(x), η(x + 1)) = (1, 1): In this case, (5) is reduced to 2x 10 + x 9 + x + 2 = 2(x − 1) 10 = 0 which has the only solution x = 1. 2) (η(x), η(x + 1)) = (1, −1): In this case (5) is simplified to 2x(x 8 + 1) = 0. It is easily verified that gcd(x 8 + 1, x 3 i − x) = 1 for all i ∈ {1, 2, 3}. It then follows from Lemma 4 that x 8 + 1 has no irreducible factor with degrees 1, 2 and 3. This implies that x 8 + 1 either is irreducible or has two irreducible factors of degree 4. In fact, the canonical factorization of x 8 + 1 over F 3 is
. Note that x = 0 is not a solution of (5). 3) (η(x), η(x + 1)) = (−1, 1): In this case (5) is reduced to x 9 + x + 2 = 0. It is straightforward to verify that gcd(x 9 + x − 1, x 3 i − x) = x + 1 for all i ∈ {1, 2, 3}. It then follows from Lemma 4 that
either is irreducible or has two irreducible factors of degree 4. In fact, the canonical factorization of
x+1 over F 3 is given by
Clearly, x = −1 is not a solution of (5). 4) (η(x), η(x + 1)) = (−1, −1): In this case one can similarly prove that x 10 + 2x 9 + 2x has either two irreducible factors of degree 4 or one irreducible factor of degree 8. In fact, the canonical factorization of x 10 + 2x 9 + 2x over F 3 is given by x 10 + 2x 9 + 2x = x(x + 1)(x 4 + x 2 + x + 1)(x 4 + x 3 + x 2 + 2x + 2). It then follows from Lemma 2 that (5) A class of ternary cyclic codes C (1,e) , 8) has no solution x in F 3 m .
The following theorem then follows from Theorem 1 and the preceding discussions. Proof: Since e is even, e ∈ C 1 . It is easily seen that gcd(e, 3 m − 1) = 2. Then it follows from Lemma 1 that |C e | = m. When r = 5, (7) is reduced to f (x) = (x+1) 10 x 10 +(x+1) 10 +x 10 = x 20 +x 19 +x 11 +x 9 +x+ 1. By Lemma 3, one can derive that gcd( f (x),
This together with Lemma 4 implies that f (x) has two cubic irreducible factors and has no irreducible factor of degree 5. Hence, one can claim that f (x) has no other irreducible factor with odd degree due to the facts (x−1) 2 | f (x) and deg( f (x)) = 20. In fact, the canonical factorization of f (x) over F 3 is given by f (x) = (x − 1) 2 (x 3 + x 2 + x + 2)(x 3 + 2x 2 + 2x + 2)(x 6 + x 5 + 2x 3 + x 2 + 2x + 1)(x 6 + 2x 5 + x 4 + 2x 3 + x + 1). Then by Lemma 2, f (x) = 0 has the only solution x = 1 in F 3 m if m is odd and m ≡ 0 (mod 3).
Similarly, one can prove that (8) has no solution x in F 3 m . When r = 5, (8) is simplified to g(x) = x 20 + x 19 + x 11 + x 10 + x 9 + x + 1 = 0. It is straightforward to check that
It then follows from Lemma 4 that g(x) has two cubic irreducible factors and two irreducible factors of degree 4. This implies that g(x) has no other irreducible factors with odd degree. In fact, the canonical factorization of g(x) over F 3 is given by g(x) = (x 3 + 2x + 2)(x 3 + x 2 + 2)(x 4 + x 3 + x 2 + 2x + 2)(x 4 + x 3 + 2x 2 + 2x + 2)(x 6 + x 5 + x 4 + x 3 + x 2 + x + 1). Thus, (8) 
D. Two more classes of optimal ternary cyclic codes with parameters
In this subsection we treat small integers e such that the ternary cyclic code C (1,e) is optimal. Specifically, we consider the ternary cyclic codes C (1,e) , where e = 2r and 1 ≤ r ≤ 10. Most of them were studied in [2] Thus, the remaining cases are e = 16 and e = 20. In what follows, we investigate the two codes C (1, 16) and C (1, 20) Corollary 6: Let m be odd and m ≡ 0 (mod 3). Then the ternary cyclic code C (1, 16) has parameters 
It suffices to prove that
has no solution in F 3 m . It is straightforward to obtain that gcd( f (x), x 3 − x) = 1, gcd( f (x), x 3 2 − x) = x 6 + x 4 + x 2 + 1 and gcd( f (x), x 3 3 − x) = x 6 − x 4 − x 3 − x 2 + 1. It then follows from Lemma 4 that f (x) has three quadratic irreducible factors and two cubic irreducible factors. In fact, the canonical factorization of f (x) over F 3 is given by f (x) = (x 2 + 1)(x 2 + x + 2)(x 2 + 2x + 2)(x 3 + x 2 + x + 2)(x 3 + 2x 2 + 2x + 2). Hence (9) has no solution in 
We need to prove that
has no solution in F 3 m . One can verify that gcd(g(x), x 3 − x) = 1, gcd(g(x), x 3 2 − x) = 1 and gcd(g(x), x 3 3 − x) = x 6 + x 5 − x 4 − x 2 + x + 1. It then follows from Lemma 4 that g(x) has two cubic irreducible factors and g(x)/ gcd(g(x), x 3 3 −x) either is irreducible or has two irreducible factors of degree 4. In fact, the canonical factorization of g(x) over F 3 is given by g(x) = (x 3 +2x +2)(x 3 +x 2 +2)(x 8 +2x 7 +x 6 +2x 4 +x 2 +2x +1). 
it is sufficient to prove that both f (x) and g(x) have no irreducible factors with odd degree.
Applying Lemma 3, one obtains that
i.e., f (x) has three irreducible factors of degree 6. Then f (x) = 0 has no solution in (1,e,s) , it has a codeword of Hamming weight ω if and only if there exist ω nonzero elements c 1 , c 2 , · · · , c ω in F 3 and ω nonzero distinct elements
Clearly, (11) is even only if m is even.
To consider the codewords in C (1,e,s) with Hamming weights ω = 3 and ω = 4, it is more convenient to write (11) as
In the subsequent subsections, by discussing the solutions of (12) for ω = 3 and ω = 4 for a given e, new optimal ternary cyclic codes C (1,e,s) with parameters [3 m − 1, 3 m − 2m − 2, 5] will be obtained.
A. New optimal double-error-correcting ternary cyclic codes for even m
In this subsection, new optimal ternary cyclic codes C (1,e,s) with parameters
be obtained from the exponent e of the form
where x r is PN over F 3 m . By definition, a function from F 3 m to itself is PN if and only if
has a unique solution
The following is a list of known PN monomials over
2 , where gcd(m, h) = 1 and h is odd [3] . It is known that r must be even if x r is PN over F 3 m . This fact will be frequently used in subsequent proofs. If m is odd and x r is PN over F 3 m , then the integer e of (13) must be odd as
is odd. In this case the minimum distance d of C (1,e,s) is 2. Hence throughout this section we assume that m is even and x r is PN over F 3 m . Let e = 3 m −1 2 + r. Under these assumptions we will prove that C (1,e,s) is optimal and has parameters [3 m − 1, 3 m − 2m − 2, 5]. To this end, we need to prove that C (1,e,s) has no codeword of Hamming weights 3 and 4.
For simplicity, from now on, let η denote the quadratic character on F 3 m which is defined by η(x) = 1 if x is a nonzero square in F 3 m and η(x) = −1 if x is a nonzero nonsquare in F 3 m .
Lemma 9: Let m be even, s = Proof: C (1,e,s) has no codeword of Hamming weight ω = 3 if and only if (12) has no solution over Thus (15) is reduced to 1 + x − y = 0 and 1 + x r + y r = 0. Assume that (x, y) is a solution of (15) with x, y = 0, 1 and x = y. Then 1) and 2) imply that
where we used the fact that r is even (because x r is PN over F 3 m ). Furthermore, since f (x) = x r is PN over F 3 m , by (14) , the equations above hold if and only if (x, 1) = (1, ±y), a contradiction with x = 1. Thus, (12) has no solution for ω = 3. This completes the proof.
With the same techniques, we can also prove C (1,e,s) has no codeword of Hamming weight 4 if e = (1, 374, 364 ) is x 13 + 2x 12 + x 10 + x 9 + 2x 7 + 2x 6 + x 5 + 2x 3 + 2 and C (1, 374, 364) has parameters [728, 715, 5]. According to Theorem 7, both C (1, 42, 40) and C (1, 374, 364) are optimal.
Another class of optimal ternary cyclic code C ( By the BCH bound, the minimum distance of C (1, 2) is at least 4. Then to prove this theorem, we need only to prove that (12) has no solution over F 3 m for e = 2 and ω = 4 due to the fact that C (1,2,s) ⊂ C (1, 2) and Theorem 6. Because of symmetry, we discuss (12) by distinguishing among the following cases:
Without loss of generality, we can assume η(x) = 1 and η(y) = η(z) = −1 by the third equation in (12) . On the other hand, the first two equations in (12) imply that 1 + x 2 + y 2 + (−1 − x − y) 2 = 0, i.e., x 2 + (y + 1)x + y 2 + y + 1 = 0. For any fixed y, the discriminant of this quadratic equation with unknown x is given by ∆ = (y + 1) 2 − 4(y 2 + y + 1) = y which is a nonsquare since η(y) = −1. Hence, (12) has no solution over F 3 m for this case. 
, η(y) ∈ {1, −1}, a contradiction. Thus, (12) has no solution over
The first two equations in (12) imply that 1 + x 2 − y 2 − (1 + x − y) 2 = 0 for this case, i.e, y 2 − y − xy + x = (y − x)(y − 1) = 0 which is impossible since x = y and y = 1. Thus, (12) has no solution over F 3 m for e = 2 and ω = 4. This completes the proof.
It should be noted that the codes of Theorem 8 are not BCH codes. Example 11: Let m = 3, s = 3 m −1 2 = 13 and α be a generator of F * 3 m with α 3 + 2α + 1 = 0.
1) If e = 3 (m+1)/2 − 1 = 8, then the generator polynomial of C (1, 8, 13 ) is x 7 + 2x 4 + x 3 + 2x + 2 and C (1, 8, 13) has parameters [26, 19, 5].
2) If e = 3 m+1 −1 8 = 10, then the generator polynomial of C (1, 10, 13) is x 7 +2x 6 +x 4 +2x 2 +2 and C (1, 10, 13) has parameters [26, 19, 5] .
Both C (1, 8, 13) and C (1, 10, 13) are optimal according to Corollary 8. (1, 134, 121 ) is x 11 + x 8 + x 6 + 2x 5 + 2x 4 + x 2 + x + 2 and C (1, 134, 121) has parameters [242, 231, 5]. Both C (1, 182, 121) and C (1, 134, 121) are optimal according to Corollary 8. According to Theorem 9, optimal ternary cyclic code C (1,e,s) with parameters [3 m −1, 3 m −2 −2m, 5] can also be obtained from e which is not in the list of known APN exponents [18] . The following Corollary is such an example. = 112 which is not an APN exponent, then the generator polynomial of C (1, 112, 1093 ) is x 15 + 2x 14 + 2x 13 + 2x 11 + x 10 + x 9 + 2x 8 + x 7 + x 5 + 2x 4 + 2x 3 + x 2 + 2 and C (1, 112, 1093) has parameters and [5] , a number of classes of optimal ternary cyclic codes C (1,e,s) with parameters [3 m −1, 3 m −2m −2, 5] were also presented. The construction and properties of these optimal codes C (1,e,s) are based on known PN and APN monomials. Although the length, dimension and the minimum distance of C (1,e,s) documented in this paper are the same as a class of ternary codes presented in [2] , the codes documented in this paper are different from those in [2] as their generator polynomials are different.
